We formulate a scheme for a Lorentz invariant Bohmian quantum theory for N non-interacting Dirac particles involving as an additional beable a foliation of space-time. This theory, which is a generalization of Bohm's theory for N Dirac particles, allows for an equivariant measure on the leafs of the foliation-and hence for a simple statistical analysis analogous to the equilibrium analysis of nonrelativistic Bohmian mechanics-no matter how the foliation is determined.
I. INTRODUCTION
Among the different approaches to solve the conceptual problems of quantum theory, Bohm's approach is by now well established. In a nutshell, it consists in adding "beables" 1 to the description of the quantum system given by the wave function ψ. For non-relativistic quantum theory the positions of the particles are the additional beables. This theoryusually called Bohmian mechanics-is well analysed, in the fundamental papers of Bohm of 1952 [2] as well as in later works of different groups (for a recent review, see [3] ). One of the main problems remaining still is to find a satisfactory relativistic Bohmian theory. (We should perhaps stress here that there is no satisfactory relativistic quantum theory of any kind!) Already in his 1952 papers, Bohm had an outline for a "Bohmian" field theory-having fields on space-time as beables-and a little later he proposed a "Bohmian" theory for one Dirac particle [4] . This theory was extended by Bohm and coworkers to N Dirac particles [5] . The guiding equation reads for k = 1, . . . , N:
Here ψ(q (1) , . . . , q (N ) , t), taking values in the N-particle spin space (C 4 ) ⊗N , solves the Nparticle Dirac equation ( = c = 1)
+eΦ(q (k) , t) + β (k) m ψ = 0.
α i (k) = I ⊗ · · · ⊗ I ⊗ α i ⊗ I ⊗ · · · ⊗ I, the α i at the k-th of the N places, for i = 1, 2, 3, and β (k) is analogously defined. Φ, A are external electromagnetic potentials. (We may of course consider particle-dependent mass m (k) , charge e (k) , and external potentials Φ (k) , A (k) .) We shall call this theory the "Bohm-Dirac theory." Just like Bohm's proposal for a field theory, it needs for its very formulation the selection of a frame of reference, and in fact the theory is not Lorentz invariant if N > 1 (see [5, 6] , and Appendix A). For N = 1 particle this theory is Lorentz invariant, and may be formulated in a covariant way:
and dX µ dτ = j µ with j µ = ψγ µ ψ
being the Dirac current and τ being the parametrization. (The parametrization parameter is however not considered as physically relevant, i.e., it is not the field of vectors (= direction + length) j µ that determines the particle motion, but rather the field of directions given by j µ -the "law" for the particle motion being that at every point the tangent of the trajectory is parallel to j µ . In other words, (3) is equivalent to dX µ dτ = aj µ with arbitrary positive scalar fields a.)
Because the Dirac current is divergence free, there is a dynamically distinguished measure on the set of particle paths: In an arbitrary Lorentz frame, take ̺ = j 0 = ψ † ψ as the density of crossings through a t = t 0 -hyperplane at an arbitrary time t = t 0 .
2 Then the density of crossings ̺ arising from (3) satisfies ̺ = j 0 at all times in this frame, i.e., ̺ = ψ † ψ is an "equivariant" density. Furthermore, "quantum equilibrium" ̺ = ψ † ψ holds then in all Lorentz frames at all times. The distribution ̺ = j 0 = ψ † ψ is hence the relativistic generalization of the "quantum equilibrium distribution" ̺ = |ψ| 2 of nonrelativistic Bohmian mechanics, which is the essential tool for the derivation of the nonrelativistic quantum formalism [7] . Also the N-particle Bohm-Dirac theory (1) has a dynamically distinguished measure. In the selected frame of reference, as a consequence of (2) ̺ = ψ † ψ satisfies the continuity equation
Thus, if ̺ = ψ † ψ at an arbitrary time t = t 0 , then ̺ = ψ † ψ for all t. However, in Lorentz frames different from the selected one, quantum equilibrium does in general not hold, i.e., the distribution of crossings of a t ′ = const-hyperplane differs in general from ψ ′ † ψ ′ (ψ ′ being the wave function in the primed Lorentz frame). In fact, it has been proven that in general quantum equilibrium cannot hold in all Lorentz frames [8, 9] . However, Bohm and coworkers argue that the observational content of this theory is as Lorentz invariant as the covariant formalism of relativistic quantum theory: Since the predictions of this theory are derived from ̺ = ψ † ψ in the selected frame, they agree with those of the usual interpretation and hence no violation of Lorentz invariance can be detected in experiments [5, 6] . (In particular, the fact that there is a distinguished Lorentz frame cannot be verified through observation. ) Contrary to what might be expected having the nonlocality of quantum theory in mind, it is in fact easy to find a covariant generalization of (3). For a synchronized N-path
. . , X N (τ )) we have proposed the following guiding law [9] :
(As with (3), the synchronized N-path is already determined by the direction field of j = (j (1) , . . . , j (N ) ) in R 4N , the "law" for the synchronized N-path being that at every point the tangent of the trajectory is parallel to j.) Here we consider the ψ-function in the multi-time formalism: For N Dirac particles
takes values in the N-particle spin space (C 4 ) ⊗N and satisfies N Dirac equations
Here γ µ (k) = I ⊗· · ·⊗I ⊗γ µ ⊗I ⊗· · ·⊗I, the γ µ at the k-th of the N places, and A µ is the external electromagnetic potential. (As well as in (2), we may of course consider particle-dependent mass m (k) , charge e (k) , and external potential A (k) .) This system of equations (6) is equivalent to (2) , and in the multi-time form the Lorentz invariance of the "law" for ψ is manifest [6] . However, in the single-time form (2) we can easily add an explicit interaction potential V (q (1) , . . . , q (N ) , t) for the N Dirac particles, while in the multi-time form this is impossible. The N Dirac particles are, however, coupled by the common wave function ψ. If this is entangled, we have nonlocal correlations between the N particles.
The theory (5,6) may be called the "sychronization Bohm-Dirac theory." Although, just like in the case of 1 particle (3), we have a divergence-free current j = (j (1) , . . . , j (N ) ) in R 4N , we could not in fact find a suitable starting point for a statistical analysis of this theory. We shall discuss this problem in some more detail in Section II. (See also Section IV of [9] .)
Since this theory seems to be impracticable we consider in Section III what we shall refer to as "hypersurface Bohm-Dirac theory." An analogous idea has been put forward by Dürr, Goldstein, and Zanghì (DGZ) [10] in the context of quantum field theory. Here, in addition to the beables wave function and field, a foliation of space-time-a new element of geometrical structure defining simultaneity layers-is introduced as an additional beable of the theory. These layers need not be hyperplanes. The defining (Lorentz invariant) equations of the theory must be about the wave function, the field, and the leafs of the foliation. For a careful philosophical discussion how this may be compatible with some appropriate notion of "relativity," even if the synchronization hypersurfaces turn out to be "unobservable," see Maudlin [11] .
In this paper we shall consider such a theory not for fields but for N (non-interacting) Dirac particles. We shall discuss an as yet incomplete hypersurface Bohm-Dirac theory where the "law" for the foliation is not specified, the only requirement being that it does not depend on the particle positions. We present no hypothesis concerning the origin of the foliation, but we have in mind that the foliation is eventually given by a Lorentz invariant law, which for example may involve the N-particle wave function. (For definiteness we shall give some (non-serious) examples in Subsection III A.) But in whichever way the foliation will eventually be determined, our general proposal for the current allows for a simple equivariant measure on the leafs of the foliation as shown in Subsection III B. This is our main innovation. Thus this type of theory is amenable to a statistical analysis. This is discussed in Section IV.
II. THE SYCHRONIZATION BOHM-DIRAC THEORY
We shall discuss here the problem of the statistical analysis of the sychronization BohmDirac theory (5, 6) . For simplicity we shall take N = 2. Predictions will be based on the answers to questions like ( * ) "For hypersurfaces Σ 1 and Σ 2 in space-time, what is the probability that particle 1 crosses Σ 1 and particle 2 crosses Σ 2 ?" This question, in the framework of the considered theory, amounts to asking for the probability that the synchronized 2-path (X (1) , X (2) ) crosses the 7-dimensional hypersurface Σ 1 × R 4 at some value of the synchronization parameter τ and R 4 × Σ 2 at some other τ -value. Thus it is necessary to calculate explicitly all trajectories starting in Σ 1 × R 4 and check whether they eventually cross R 4 × Σ 2 (or the other way round). To associate a probability with this event, we furthermore need a probability measure on the set of 2-paths. This may be given in terms of the density of crossings of a hypersurface in R 8 which is crossed exactly once by each trajectory. We have a natural candidate for this: j = (j (1) , j (2) ) is a divergence-free current in R 8 and thus the 7-form arising from it, J = ω(j, ., . . .) (ω being the volume form in R 8 ), is closed, i.e., the integral Σ J over hypersurfaces Σ can consistently be interpreted as the measure for crossings of Σ by trajectories solving (5) .
However, this measure is not normalizable: Consider for example independent particles, i.e., the wave function is the product ψ = ψ 1 (x (1) )ψ 2 (x (2) ) where ψ 1 and ψ 2 are normalized solutions of the 1-particle Dirac equation,
(which is in this case a hypersurface that is crossed exactly once by each 2-path) is
This integral is for example easily evaluated for the ground state wave function of the hydrogen atom:
(2) = c > 0, and thus, since (ψ 2 ψ 2 ) is stationary,
In any case, the procedure to calculate all trajectories is clearly impracticable. Moreover, it is unclear whether an answer to the question ( * ) is really needed for all Σ 1 and Σ 2 . In nonrelativistic Bohmian mechanics, the probability that particle 1 crosses at time t 1 the space region Σ 1 and particle 2 crosses at time t 2 the space region Σ 2 is empirically relevant only for t 1 = t 2 . If the respective experiments to check whether particle k is in Σ k at time t k are performed, the effective wave function of the measured system collapses, and the calculation of the joint probability has to take this effective collapse into account (and becomes then very easy, simply given by an integral over |ψ| 2 , while without collapse we would have to calculate the trajectories in detail if t 1 = t 2 ). Presumably also in the relativistic case some collapse mechanism describing the effective change of the system wave function during measurement must be invoked. There is, however, no general agreement what replaces the wave function collapse in relativistic quantum theory [12] . Thus also this consideration gives no hint how to approach the problem of statistical analysis of the sychronization Bohm-Dirac theory.
There is still another possibility: The previous considerations were based on the assumption that apart from defining the particle motion, the synchronization has no physical relevance such that in asking ( * ) we had to take care that the synchronization parameters at which these events take place play no role. Maybe this is wrong, and we should look for an equivariant measure which lives on 3N-dimensional submanifolds belonging to equal synchronization parameter. We could start for example with some 3-dimensional hypersurface Σ on which the initial (τ = τ 0 ) conditions of the trajectories are supposed to be distributed according to some measure on Σ N . The solutions X(τ ; x 0 ) of (5) at some other parameter value τ will lie on some subset of R 4N that is locally a 3N-dimensional hypersurface. The problem is now that we have no candidate for an equivariant measure here. (A non-equivariant measure would be just as impracticable as the route described above, requiring an explicit calculation of all solutions of (5) to get the evolved measure from the initial measure.) Moreover, to calculate the predictions we would probably need to know also the special hypersurfaces, and since these are given implicitly by the trajectories, also in this approach we would have to calculate all possible trajectories.
Within the latter approach, hypersurfaces of equal synchronization parameter play a distinguished role. This would be less arbitrary if these hypersurfaces were additional beables of the theory with some dynamical origin like it is the case in the theory we consider in the next Section. Concerning this we remark that the theory (5) by itself does not in general define a family of synchronization hypersurfaces. Take initial values on some 3-dimensional hypersurface Σ. At some other parameter value τ the subset of R 4N built by the points X(τ ; x 0 ) for x 0 ∈ Σ N will locally be a 3N-dimensional submanifold in R 4N , but it will in general not be of the form (Σ τ ) N for some 3-dimensional hypersurface Σ τ . To deepen this point, we note that due to the reparametrization invariance of the synchronized N-path, all theories of the form
with some positive scalar function a : R 4N → R yield the same synchronized trajectories. Now we can ask whether there exists a family of hypersurfaces and a reparametrization function a such that all the trajectories, if they start on one hypersurface Σ, will at equal parameter values τ all be on a common hypersurface Σ τ . We shall argue in Appendix B that this is not to be expected.
III. THE HYPERSURFACE BOHM-DIRAC THEORY A. Specification of the theory
Since it has been proven that quantum equilibrium cannot hold in all Lorentz frames [8, 9] , it is straightforward to propose that there is quantum equilibrium on hypersurfaces belonging to a certain foliation-which also play a dynamical role-similarly as with the multitime translation invariant Bohmian theory of [9] . A foliation of a manifold M by submanifolds of codimension p is usually defined in such a way that its leafs are locally given as level sets s −1 (τ ) of a smooth submersion (i.e. the derivative has rank p) s : M → R p (see for example [13] ). We shall assume here that the foliation of space-time by hypersurfaces is globally given by such a function s : R 4 −→ R with ∇s = 0 everywhere.
Then all surfaces of constant s-value, s −1 (τ ), τ ∈ R, are smooth hypersurfaces, and they are labelled by τ .
For some parts of the discussion, we shall furthermore assume that the gradient ∇s(x) is a timelike future-oriented covector for all x ∈ R 4 , i.e.,
∂s(x) ∂x 0 > 0 and (
Then the foliation is just a "distorted Lorentz frame," i.e., it has the following properties: (i) all hypersurfaces s −1 (τ ) are spacelike, i.e., all tangent vectors are spacelike, (ii) the hypersurfaces s −1 (τ ) are "distorted t = const-planes," i.e., the projection of s −1 (τ ) along the t-axis on a t = const-plane of an arbitrary Lorentz frame is one-to-one and onto. In particular, this yields for every hypersurface the existence of one global chart. (And every two points of each hypersurface lie spacelike with respect to each other.) We shall give the details how to obtain these properties from the condition that ∇s(x) is a timelike future-oriented covector for all x ∈ R 4 in Appendix C. A synchronization along spacelike hypersurfaces yields a picture which perhaps makes most sense from the physical point of view.
Apart from the foliation, the other beables of the hypersurface Bohm-Dirac theory are the usual ones: the wave function ψ, here for N Dirac particles, satisfying the N Dirac equations (6) of the multitime formalism, and the N-path, the N-tuple of space-time paths, which describes the trajectories of the N Dirac particles. We shall now develop the guiding law for the N-path.
The hypersurfaces s −1 (τ ), τ ∈ R, are simultaneity surfaces, i.e., they replace the equal time surfaces in nonrelativistic Bohmian mechanics and Bohm-Dirac theory. Just as in these theories the velocity of particle k at time t depends upon the positions of the other particles at that time, in our new theory-hypersurface Bohm-Dirac theory-the velocity of particle k when being on hypersurface τ depends upon the positions of the other particles when being on that hypersurface. To follow this idea, we have to take care that each particle crosses each hypersurface exactly once. For the time being, we shall simply assume that this is true, and in Subsection III C we shall prove that for the considered dynamics and for a foliation by spacelike hypersurfaces-a certainly reasonable assumption-it is the case that each particle crosses each hypersurface at most once. Thus at least for some τ -interval the dynamics will be well-defined. The question of global existence. i.e., whether all trajectories exist for all values of τ , is beyond our present scope. (For a discussion of the difficulties encountered in such a question, as well as a complete answer for nonrelativistic Bohmian mechanics see [14] .) Now, just as for the synchronization Bohm-Dirac theory, the N-path is determined by a direction field in R 4N , which will again be the field of directions of a current vector field: The velocity of the k-th particle when crossing the hypersurface s −1 (τ ) will be parallel to j (k) evaluated at the point where the N-path crosses (s −1 (τ )) N .
Since the Bohm-Dirac theory for N Dirac particles (1) is a theory of the kind we are looking for in the special case of a flat foliation, we shall try to generalize Bohm's current to the case of arbitrary curved foliations. If the synchronization function s equals the time in one Lorentz frame, s(x) = t for all x, we have that ∂ ν s = e 0 = (1, 0, 0, 0) and therefore (N = 2 for simplicity)
For the case of non-flat foliations, i.e., space-time dependent ∂ µ s(x), this suggests to consider the following currents (for simplicity we write them down for N = 2 particles):
with
(The generalization to N > 2 particles is obvious: For example, for 3 particles we form j
using the Dirac equation (6) and its adjoint. For writing down the equations of motion, it is convenient to synchronize the particle trajectories X (k) in such a way that at synchronization parameter value τ they are on the hypersurface with the label τ , i.e.,
which implies
This parametrization, together with the law that the velocity v
of the k-th particle is parallel to the current j (k) , yields x (1) , . . . , x (N ) ) (12) where the trajectories obey (note the analogy to nonrelativistic Bohmian mechanics!)
k = 1, . . . , N. Initial conditions for X (k) at some τ = τ 0 have to be specified in such a way that all the X (k) (τ 0 ) lie on the hypersurface s −1 (τ 0 ), i.e., s(X (k) (τ 0 )) = τ 0 for k = 1, . . . , N; then condition (10) is satisfied for all τ .
Note that with the currents j (k) given by (8) the denominator of (12) is independent of the particle number, i.e., for
This implies that v µ (k) = j µ (k) and (14) describe the same synchronized N-paths (solutions of (13)) up to reparametrization. That is, if X(τ ; x 0 ) is a solution of (13, 14) with X(0; x 0 ) = x 0 , then there is a (strictly monotonic) function τ ( τ ) with τ (0) = 0 such that X( τ ; x 0 ) := X(τ ( τ ); x 0 ) is a solution of (13) with v µ (k) = j µ (k) and X(0; x 0 ) = x 0 . We have thus another parametrization in which the equations of motion have a simpler form.
However, since the reparametrization function τ ( τ ) will in general depend on x 0 , the solutions of (13, v µ (k) = j µ (k) ) won't in general satisfy (10) for a "rescaled synchronization function" s = g • s with some (strictly monotonic) function g : R → R, i.e., there won't be such a g. (The situation is similar as with the systems (33) and (34) discussed in [9] .) Will there be another family of hypersurfaces which are synchronization surfaces for (13, v
This is not to be expected-for the same reason as it is not to be expected that for a general theory of the form (13) there will be such a family, as explained in Section II. Therefore the choice (14) is special as it allows for a quantum equilibrium analysis, which we begin in the next Subsection.
A remark on the dependencies of the evolution equations on the beables: In nonrelativistic Bohmian mechanics, for the statistical analysis in terms of the equivariant |ψ| 2 -measure it is essential that the evolution equation for ψ (the Schrödinger equation) does not depend on the particle configuration Q; what does otherwise equivariance mean? Analogously, for the hypersurface Bohm-Dirac theory, in order that quantum equilibrium, "Q is distributed on foliation hypersurfaces according to a density ̺ which is a functional of ψ and s" makes sense, the evolution equations for ψ and s must not depend on the N-path. In fact, in our case the evolution equation for ψ does not even depend on the foliation.
In this paper, we shall not try to find a "serious" law for the foliation as given by s or the gradient vector field ∂ µ s. As a toy example, however, the foliation law could be given by an autonomous equation )(x, . . . , x) is no good idea, since this will be zero for antisymmetric (fermion) wave functions.) Now one may put ∂ µ s equal to the integrable 3 part of some v kl where this is timelike and future-oriented. A further possibility which may be more serious is to have an independent guiding field for the leafs of the foliation, i.e., another relativistic wave function which generates in some way s or ∂ µ s.
B. Quantum equilibrium
We shall show now that for the hypersurface Bohm-Dirac theory there is an equivariant measure on the hypersurfaces s −1 (τ ), τ ∈ R. The physical significance of the hypersurfaces is thus twofold: along them the nonlocal interaction of the particles takes place, and we have quantum equilibrium there.
For the dynamics given by (13) it is appropriate to introduce an adapted coordinate system: one coordinate is clearly given by τ , and on the hypersurfaces s −1 (τ ) we introduce (arbitrary) coordinates u = (u 1 , u 2 , u 3 ) such that we have space-time coordinates (τ, u) = (u 0 , u 1 , u 2 , u 3 ). We assume here that for every hypersurface there exists one global chart. As mentioned in Subsection III A, this is the case for a foliation by spacelike hypersurfaces.
The canonical coordinate system x µ is associated with the canonical basis {e 0 , e 1 , e 2 , e 3 } (x = x µ e µ ), and the u-system is associated with the coordinate basis {g 0 , g 1 , g 2 , g 3 } (x = u µ g µ ) with
We denote the dual basis by g µ ; it is defined by
Note that we do not use the metric on Minkowski space to "raise/lower indices." From the inverse function theorem, we have
in particular 3 For an arbitrary vector field v µ (x), the Fourier transformedv µ (k) may be split intov
Now we rewrite the dynamics (13) in the u-coordinates:
The connection to the x-system
(k) is the i-th component of v (k) in the u-system. We have already noted that the currents j (k) are divergence-free. This will be the basic input to show that the continuity equation for the dynamics (17)
has a nice solution ̺ which is a functional of ψ and s. Transforming (9) into the u-system
with g being the Jacobian of the x-u coordinate transformation,
Thus we also have for k = 1, . . . , N ∂ ∂u
4 See for example [15] or calculate the divergence in a general coordinate system starting with the physicist's definition of divergence,
to obtain dω(j, ., ., .) = div j ω. This yields immediately div j = 1 g ∂ ∂u µ (gj µ ).
Noting that
by (16) (k) is independent of the particle number k-we define
and thus we obtain for i = 1, 2, 3
Putting everything together, we arrive at (18)
(The abuse of notation here-e.g. using the same symbol for j as a function of x and for j as a function of u, and also for ̺ as a function of u (1) , . . . , u (N ) and ̺ as a function of u (1) , . . . , u (N ) , τ -should not lead to confusions.) Thus ̺ is an equivariant density, i.e., if the density ̺ = g(u (1) ) · · · g(u (N ) )D for some τ = τ 0 , then the density which emerges by the transport due to the particle dynamics is
The properties of the currents j (k) we have used here are that (i) the j (k) are divergence-free (9), and (ii) the reparametrization functions ∂ ν s( (1) , . . . , x (n) ) are independent of the particle number k, i.e., we have the usual connection between current, density, and velocity j (k) = Dv (k) . Thus any current satisfying (i) and (ii) yields a equivariant density on the synchronization hypersurfaces, and we may ask how special our choice (8) 
where the tensor U ν 1 ...ν N does not depend on k. Furthermore, (ii) reads now
Thus for Dirac particles our choice
is indeed quite natural under the requirement that we want an equivariant density on synchronization hypersurfaces.
We remark that in the case of a flat foliation, s(x) = t for all x in one Lorentz frame, we have that ∂ ν s = e 0 = (1, 0, 0, 0) , g = 1, and therefore the equivariant density is Bohm's density:
C. Positivity of the density
In this subsection we show that D ≥ 0 if the gradient ∇s(x) is a timelike future-oriented covector for all x ∈ R 4 . Since in this case we have a global u-coordinate system such that the transformation is nowhere singular, i.e., the Jacobian g is = 0 everywhere, we have (without loss of generality) that g is everywhere positive. Then D ≥ 0 implies that ̺ ≥ 0.
Since
, D ≥ 0 implies also that each particle crosses each hypersurface in the direction of increasing τ , and therefore each particle crosses each hypersurface at most once. This shows that our assumption in Subsection III A is locally fulfilled.
We first discuss the operator A = α µ n µ on C 4 with α 0 = I and α k = γ 0 γ k as usual, and n µ being a timelike future-oriented covector, i.e., n 0 > 0 and n 
with j µ being the 1-particle Dirac current. Since in every Lorentz frame of reference we have that j 0 = ψ † ψ ≥ 0 and j 0 = 0 only for ψ = 0 implying j = 0, j µ is not spacelike,
3 ) we obtain with j 0 being the 0-coordinate of j in this system
thus A is a positive operator. Hence also
is positive with all n (k)µ k being timelike and future-oriented. Finally, replacing all
IV. STATISTICAL ANALYSIS OF THE HYPERSURFACE BOHM-DIRAC THEORY AND THE QUESTION OF VISIBILITY OF THE FOLIATION
A. One particle
For one particle, the ψ-function satisfies the (one-particle) Dirac equation, and the law for the motion of the particle reads:
where j µ = ψγ µ ψ is the usual (one-particle) Dirac current. Since the foliation enters only into the denominator of v µ , which is the scalar function j ν (x)∂ ν s(x), different foliations produce different parametrizations. But the space-time path {X µ (τ ), τ ∈ R} is independent under reparametrization, and thus independent of the foliation of space-time. Therefore the foliation is not visible from the particle path even if the detailed path could be observed.
For the statistical analysis of the theory, we shall assume that the measure P on the set of trajectories is given by the equivariant density ̺ (21) on some simultaneity surface. Then, by the property of equivariance (see Section III B), the density of crossings of any hypersurface belonging to the foliation is given by ̺, i.e., we have quantum equilibrium. The probability of finding one Dirac particle on a piece Σ τ of the foliation hypersurface s −1 (τ ) is hence given by Στ ̺ du 1 du 2 du 3 . The closed 3-form induced by the divergence-free current j, J = ω(j, ., ., .), where ω is the volume form in R 4 , satisfies on Σ τ J = ω(j, ., ., .)
(The second last equality is due to (20).) Thus the quantum equilibrium predictions of the hypersurface Bohm-Dirac theory agree with the quantum prediction Στ J for the probability of finding one Dirac particle on the hypersurface Σ τ (ignoring many-particle phenomena like pair creation etc., i.e., for zero or sufficiently small external potential A µ ). 5 Moreover, the distribution of crossings of any hypersurface agrees with the quantum distribution. We show 5 That the quantum prediction for the probability of finding one Dirac particle on the hypersurface Σ is given by Σ J may not be familiar-we can only give as a reference for example R.M. Wald, General Relativity, (University of Chicago Press, Chicago, 1984), Chapter 13; or for a general geometric discussion of the current see for example C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation (Freeman, San Francisco, 1973). However, Σ J is simply the coordinate-independent way to write Σ ̺ dx 1 dx 2 dx 3 with ̺ = ψ † ψ for a flat hypersurface Σ, i.e., J is the unique 3-form agreeing with (ψ † ψ) dx 1 dx 2 dx 3 on flat hypersurfaces.
this by explicitly calculating the probability that the path crosses a hypersurface Σ which need not be part of a leaf of the foliation:
where Σ 0 is the subset of s −1 (0) of those points which eventually cross Σ (see Fig. 1 ). The second last equality of (24) comes from (23), and the last equality is due to Stokes' theorem.
B. N independent particles
Consider a product wave function for N particles:
That ψ satisfies the N Dirac equations (6) implies that ψ k satisfies the usual one-particle Dirac equation (at those points where ψ = 0). The velocity of the k-th particle v (k) reduces to
i.e, to the one-particle velocity (22). In particular, it is independent of the other particles. Also the equivariant density ̺ is a product of the one-particle densities. Thus, within the hypersurface Bohm-Dirac theory, a product wave function indeed generates the motion of N independent particles (as it should). Therefore, the results of Subsection IV A for one particle immediately apply also to N independent particles: (i) The foliation is not visible even if the detailed paths could be observed; (ii) Assuming quantum equilibrium, i.e., that the distribution of crossings of one simultaneity surface is given by the equivariant density ̺ (21), we have the quantum distribution of crossings on all hypersurfaces.
C. The general case
In general, the motion of N particles within the hypersurface Bohm-Dirac theory depends on the foliation through Eqs. (8, 12, 13) . Thus, if the detailed N-paths could be observed, information about the foliation could be obtained.
For the statistical analysis, we shall assume as usual that the measure P on the set of trajectories is given by the equivariant density ̺ (21) on some simultaneity surface. Then by equivariance the density of crossings of any hypersurface belonging to the foliation is given by ̺. Therefore, just as in the one-particle case, we have agreement with the quantum predictions for the hypersurfaces belonging to the foliation. 6 Contrary to the prior cases, however, it will not in general be the case that the distribution of crossings of hypersurfaces not belonging to the foliation will agree with the quantum distribution, "quantum equilibrium cannot hold in all Lorentz frames" [8, 9] . That this does not entail violations of the quantum predictions has been discussed for the case of the multitime translation invariant Bohmian theory in [9] . The point is that the quantum formalism makes predictions only about results of measurements, and in any Bohmian quantum theory measured distributions are in general different from unmeasured ones, because the influence of the measurement apparatus on the evolution of the quantum system has to be taken into account. As we have discussed in [9] , it is conceivable that for agreement of the predictions of the hypersurface Bohm-Dirac theory with those of the quantum theory it suffices to achieve agreement of the position distributions on some foliation (as we have), thinking of the Lorentz invariant quantum formalism with Heisenberg observables as being the measurement formalism of the hypersurface Bohm-Dirac theory (analogously to nonrelativistic Bohmian mechanics) and that all measurements are eventually reduced to measurements of position. Furthermore, since the quantum formalism is Lorentz invariant, i.e., independent of foliations, the Bohmian foliation will then not be visible.
V. CONCLUSION
We have presented a hypersurface Bohm-Dirac theory. On the one hand, it may be viewed as merely a generalization of the Bohm-Dirac theory (1, 2), which involves a foliation by equal-time (flat) hypersurfaces, to arbitrarily shaped (smooth) hypersurfaces. If this foliation is an external element of the theory-an additional structure of space-time-this theory wouldn't be called "relativistic." On the other hand, however, we have argued that the foliation is proposed to be an additional beable of the theory determined by a Lorentz invariant law. Although we have no serious proposal for such a foliation law, some "toy examples" have been given. Seen in this way, the hypersurface Bohm-Dirac theory is a step towards a Lorentz invariant Bohmian quantum theory. With respect to other attempts in this direction as for example discussed in [9] , the major advantage of this theory is that it allows for an equivariant measure on the leafs of the foliation, such that the statistical analysis is as simple as the equilibrium analysis of nonrelativistic Bohmian mechanics. And this is independent of the law for the foliation.
̺ (x (1) , . . . , x (N ) ) = g(x (1) )(ψ 1 γ µ 1 ψ 1 )(x (1) )∂ µ 1 s(x (1) )
immediately suggests the density for a general wave function (21).
In the (t, z)-plane we have ∂ t s > 0 and ∂ t s > |∂ z s|. The cut of the (t, z)-plane with a surface s −1 (τ ) is a solution of the autonomous differential equationẏ = v(y) where v(y) (−∂ z s, ∂ t s). Consider v(y) = (−∂ z s/∂ t s, 1) = (v t (y), v z (y)), then for the curve y(r) through y 0 = (t 0 , z 0 ) we have z(r) = z 0 + r implying that there is a bijection between points on the level line y(r) and the projection along the t-axis onto z, and t(r) = t 0 + r 0 v t (y(s)) ds implying that |t(r) − t 0 | < |r| (since |v t | < 1), thus any two points on the level line s −1 (τ ) lie spacelike with respect to each other. It remains to show that the level line for a certain value of τ consists of one line only: this is true because ∂ t s > 0, thus s increases along the t-axis.
Since these considerations hold for any (t, z)-plane, the hypersurfaces s −1 (τ ) are "distorted t = const-planes," i.e., the projection of s −1 (τ ) along the t-axis on a t = const-plane of an arbitrary Lorentz frame is one-to-one and onto. In particular, this yields for every hypersurface the existence of one global chart, namely the one given by the projection along the t-axis. And every two points of each hypersurface lie spacelike with respect to each other.
(A direct argument for (ii) along the line: "take any two points a and b on s −1 (τ ), consider a path from a to b in s −1 (τ ), along this path the tangents are spacelike,. . . " does not work because (a) it is not a priori clear that there is a path, i.e. that s −1 (τ ) is connected, and (b) the sum of spacelike vectors need not be spacelike, thus it is not immediate to conclude that the path leads only to spacelike separated points. Therefore we have considered a projection into a plane.) 
